In "Recognizing the Maximum of a Sequence", Gilbert and Mosteller analyze a full information game where n measurements from an uniform distribution are drawn and a player (knowing n) must decide at each draw whether or not to choose that draw. The goal is to maximize the probability of choosing the draw that corresponds to the maximum of the sample. In their calculations of the optimal strategy, the optimal probability and the asymptotic probability, they assume that after a draw x the probability that the next i numbers are all smaller than x is x i ; but this fails to recognize that continuing the game (not choosing a draw because it is lower than a cutoff and waiting for the next draw) conditions the distribution of the following i numbers such that their expected maximum is higher then i/(i+1). The problem is now redefined with each draw leading to a win, a false positive loss, a false negative loss and a continuation. An exact formula for these probabilities is deduced, both for the general case of n-1 different indifference numbers (assuming 0 as the last cutoff) and the particular case of the same indifference number for all cutoffs but the last. An approximation is found that preserves the main characteristics of the optimal solution (slow decay of win probability, quick decay of false positives and linear decay of false negatives). This new solution and the original Gilbert and Mosteller formula are compared against simulations, and their asymptotic behavior is studied. * École Polytechnique, CMAP
Introduction
The class of problems known as "Secretary Problems" have been studied extensively in optimal stopping theory. The basic structure involves choosing the best (or second best) out of a sample of n elements (observed sequentially, one at a time) from a distribution, where it is possible to rank sequentially these elements; each rejection/acceptance decision is definitive and must be made immediately after each observation. The payoff might vary depending on the formulation of the problem.
In "Recognizing the Maximum of a Sequence" [1] , Gilbert and Mosteller analyze a full information game where n measurements from an uniform distribution are drawn and a player (knowing n) must decide at each draw whether or not to choose that draw. The goal is to maximize the probability of choosing the draw that corresponds to the maximum of the sample. For that, at each round j one must choose whether to accept or reject the number a j based on a comparison with a decision number k j . So, at round 1, a 1 k 1 with probability 1 − k 1 . On the following rounds, the similar probabilities a j k j will be more complicated. For the last round, one should choose k n = 0 since there is only one number left.
It is a known result that the CDF, the PDF and the expected value of the maximum of n independent samples of an uniform distribution are x n , n · x n−1 and n/(n+1), respectively. In their calculations of the optimal strategy, the optimal probability and the asymptotic probability, Gilbert and Mosteller assume that after a draw x the probability that the next i numbers are all smaller than x is x i . From that, and considering the decision numbers to be indifference numbers (one should be indifferent between choosing a candidate if a j k j or continuing if a j < k j ), Gilbert and Mosteller derive the probability of winning given an indifference number k and i remaining rounds as:
Solving for k as an indifference number:
These equations can be solved with Mathematica or Python (SymPy), and the solutions found are the same as those from the original paper, as Table 1 Table 1 : Indifference numbers k i as a function of the number of rounds remaining i, according to the formulas by Gilbert and Mosteller First and second order approximations were also derived, and Figure 1 shows that these approximations are good enough for any practical purpose. Gilbert and Mosteller derive the probability P(r+1) of winning at round r+1 in the particular case of monotone nonincreasing decision numbers k 1 k 2 . . . k n−1 k n as:
And the overall probability of winning as:
For the decision numbers k = {k 1 , k 2 , 0} the probabilities at each round are p = { Table 1 with k i → k n− j+1 (for n=3, the indifference number k 1 used in the first round is k 3 from Table 1 ), the overall win probabilities can be calculated.
Calculating the probabilities up to n=100, they agree with the original paper (that went only to n=50), as Table  2 shows. Table 2 : Overall win probabilities (using the substitution k i → k n− j+1 where k i is an indifference number and k n− j+1 is a decision number) as a function of the number of rounds n, according to the formulas by Gilbert and Mosteller Figure 2 shows Pwin for n up to 100, with 0.58 a likely estimate for the limit for n → ∞.
Figure 2: Overall win probabilities (using the substitution k i → k n− j+1 where k i is an indifference number and k n− j+1 is a decision number) as a function of the number of rounds n, according to the formulas by Gilbert and Mosteller It is worth to compare these results with a naive strategy of choosing decreasing decision numbers such that:
This strategy also has k n = 0, and for 2<n<100 the values are lower than those in Gilbert and Mosteller ( Figure  3 ). The cases of a single decision number k for all rounds and and a single decision number k for t rounds followed by 0 in the last n-t rounds are also studied by Gilbert and Mosteller; the asymptotic probability in the first case was calculated by Gilbert and Mosteller to be:
And with µ ≈ 1.503 one finds Pwinklim ≈ 0.51735. For large n this maximum seems to require k = 1 −
1.5
n , as seen for n=100 in Figure 5 and similar plots for even larger n (not shown). In the second case, for n=100 and integer values for t one finds the optimal values t=65, k=0.9883 and Pwin=0.566684, not far from the values provided by Gilbert and Mosteller.
And finally Gilbert and Mosteller present results similar to Figure 6 as the asymptotic probability of winning at round i, including the 1 − e −c and e −c extremes (red points). 
Visualization of the problem
For n=2, the possible values of the draws {a 1 , a 2 } fill an unit square; the region where a 1 a 2 is the one below the diagonal with origin {0,0} and endpoint {1,1}, and the region where a 1 < a 2 is the one above the same diagonal. Given a choice for k 1 , the possibilities can be represented by There are 3 ways for the game to end at round 1:
• Win (a 1 k 1 ∧ a 1 = max(a j )) -the red area in Figure 7 • Loss due to a False Positive (a 1 k 1 ∧ a 1 = max(a j )) -the brown area in Figure 7 • Loss due to a False Negative (a 1 < k 1 ∧ a 1 = max(a j )) -the blue area in Figure 7 If the game has not ended at round 1, it means that it will end at round 2 with: Figure 7 Which for the particular case of n=2 and k 2 = 0 can be written as:
The optimal strategy (already considering k 2 = 0) is reached by choosing k 1 such that the sum of the two win probabilities (at rounds 1 and 2) is maximal.
Before solving that, it is important to look at the n=3 case. For n=3, the possible values of the draws {a 1 , a 2 , a 3 } fill an unit cube; the region where a 1 = max(a j ) is the yangma shown in Figure 8 . There are 3 ways for the game to end at round 1: Figure 9 • Loss due to a False Positive (a 1 k 1 ∧ a 1 = max(a j )) -the brown region in Figure 9 (rotated view)
• Loss due to a False Negative (a 1 < k 1 ∧ a 1 = max(a j )) -the blue region in Figure 9 Figure 9: Regions where the game ends in round 1 for n=3; the brown region's view was rotated
If the game has not ended at round 1, it means that it will continue to round 2 in this situation: Figure 10 ; it is very important to notice that there's a piece missing (corresponding to the false negative of round 1, the 3rd region of Figure 9 ), and {a 2 , a 3 } is not similar to the n=2 case anymore, as Figure 11 indicates. There are 3 ways for the game to end at round 2: Figure 11 and the red region in Figure 12 • Loss due to a False Positive ( Figure  11 and the brownd region in Figure 12 • Loss due to a False Negative (a 2 < k 2 ∧ a 2 = max(a j ) ∧ a 1 < k 1 ∧ a 1 = max(a j )) -the blue area in Figure 11 and the blue region in Figure 12 Figure 12: Regions where the game ends in round 2 for n=3; the brown region's view was rotated
If the game has not ended at round 2, it means that it will end at round 3 with:
) -the yellow area in Figure 11 and the the yellow region in Figure 13 Figure 13: Region where the game continues from round 2 to round 3 for n=3
Which for the particular case of n=3 and k 3 = 0 can be written as:
It is worth noticing that at each round the region where the game continues from one round to the next becomes narrower at the "bottom" and more "top-heavy"; it means that the expected value of the maximum of a game with n draws after r rounds should be increasing when compared with the same game for n-r draws at the first round, as the false negatives accumulate.
Solving for small n through integration
In the same way that Mathematica can plot the areas and regions in the previous section, it can integrate the areas of the unit square and the regions of the unit cube; it will also integrate the regions of the unit hypercubes for values of n higher than 3 (but not much higher).
The process is automated by:
• Defining a function that, given n, conditions and assumptions, generates the variables • Defining a function that receives as input:
-the number of draws n -the round of interest r (implies that in previous rounds ((
-the array of decision numbers k (symbolic or numeric)
-the flag ak for use of the comparison between a r and k r (True or False)
-the flag amax for use of the comparison between a r and max(a j ) (True or False)
-the function fak for the comparison between a r and k r (GreaterEqual or Less)
-the function famax for the comparison between a r and max(a j ) (GreaterEqual or Less)
-the logical connection between the conditions coming from the previous rounds and the comparisons for the round r (And or Conditioned)
For n=2, we have the following probabilities (Table 3) : 2 , respectively, so these calculations match and the optimal k 1 = 1 2 for a total probability of 3 4 , evenly distributed between rounds 1 and 2.
For n=3, and assuming nonincreasing decision numbers, we have the following probabilities (Table 4) : The probabilities from the Gilbert and Mosteller paper for wins in rounds 1, 2 and 3 are
3 , respectively; these calculations match on the first and second round, but not on the last. Why? The conditions used on the calculations for round 3 in Table 4 are: a 2 , a 3 ) , while the result from Gilbert and Mosteller assumes the sum of the probabilities with conditions a 2 , a 3 ) ; that's why there are no cross terms in Gilbert and Mosteller. But as seen on the previous section, the false negatives change the distribution of the following rounds, and one cannot simply add the probabilities.
To optimize the n=3 case one needs to maximize the sum of the Win column in Table 4 :
The results are:
• k 2 → 0.545532 (not 0.5, the optimal k for n=2 is not optimal here, since the maximum of the round 2 region is higher than the maximum of the unit square)
• pwin → 0.679846
Remembering that Gilbert and Mosteller had:
• k 1 → 0.689898
But substituting the Gilbert and Mosteller values for the decision numbers in Equation 8 the result is a probability of 0.67785.
This disagreement will be tested with simulations in a further section.
Generalization of the formulas
The table for n=4 is shown below (Table 5) . From it some patterns can be distinguished. It will be convenient to assume PCon(n, r = 0) = 1. The false negatives are unaffected by the previous rounds, depending only on the decision number for their round:
As expected, the sum of the Win and False Negative probabilities, divided (conditioned) on the Continue probability of the previous round, is equal to 1/(n-r+1):
The first r terms of the False Positive probability is equal to the difference between the Continue probability of the previous round and the sum of the Win probability and the False Negative probability of the same round. The other terms are equal to the terms of the Continue probability of the same round, but the the opposite sign. This is expected, but it helps to save space, as this is the longest formula: PFP(n, r) = (PC(n, r − 1) − (PW (n, r) + PFN(n, r))) − PC(n, r)
Rewriting Table 5, we have Table 6 , which will enable the tables for n=5 and 6 to be written more easily, as what matters is finding the formula for PC(n,r): The formula for PC can be decomposed as:
With f(i,j,n,r) and g(i,n,r) highlighted on Tables 9 and 10, Table 9 : f(i,j) for n=6 
And so the final formula for PC is:
And therefore the formula for PW(n,r) is:
The formula for PFP is not going to be written explicitly, but the definition of 11 will be used. The formula for PW(n) is:
This is the function that will be maximized by choosing the decision numbers k j .
The formula for identical decision numbers
One can replace all indexed ks in the formulas above (keeping the last k as zero), but it is interesting to observe that the processing time for the integration involved in the probabilities calculation with n going from 2 to 6 fell from 4728 seconds for the general case to 84 seconds for the particular case.
Table shows PW for n going from 2 to 6: Table 11 : PW for identical decision numbers {k,k,...,k,0}
The formula for PW(n,r) in this case is:
Which can be simplified as:
The formula for the overall probability is:
Which can be broken into two sums:
And expressed with special functions as:
Where ψ (0) (n) is the Digamma function and γ is the Euler Gamma constant (see Table ) .
n ψ (0) (n) + γ 
The optimal values
It is considerably easier to find the optimal values in the identical decision numbers case; in 30 seconds all the values for n going from 2 to 100 can be calculated. In 9 seconds the values for n=10000 can be calculated. Table 13 : Optimal values of k and PW k (n) for the identical decision numbers case For large n (n>50) we can check that, similar to Gilbert and Mosteller, the optimal single k is close to 1-1.5/n and the asymptotic probability approaches 0.51735.
For the general case of decreasing decision numbers the optimization will be slower. For n=100 the optimal solution takes 1337 seconds to be calculated. n PWin Table 14 : Optimal ks and PWin for the general case, n going from 2 to 10
When comparing the win probabilities per round, the optimal solution is almost flat at the beginning and it decreases slowly over the rounds, more smoothly than the shown on Figure 6 . And substituting the Gilbert and Mosteller decision numbers in the formula, it can be seen (Figure 14 ) that Gilbert and Mosteller overestimate the probability of winning in the late rounds. 
Which provides values slightly lower than those found by optimization (Figure 17 ). The first term comes from the naive strategy, and the 1/n multiplying the logarithm comes from observing how the slopes decrease with increasing n. The 1-1/n choice on the first round also has the property that the probability of a false positive is equal to the probability of a false negative in the first round. It is interesting that this qualitative approximation performs so well with a simple formula and without any arbitrary constants. A better approximation would have an intercept higher than 1 − 1 n − log n n and a slope lower than 1 n , but not by much (the approximation gets better with increasing n). 
Simulation
The universe of the simulation is built generating 1000000 runs of 100 draws, and sampling the first n draws of each run. The evaluation function takes as arguments the array of decision numbers k and the array of draws a, returning a list {{v, fp, pg, mp}, m}, where v is 1 if the player won the game and 0 otherwise, fp is 1 if the game was lost due to a false positive and 0 otherwise, pg is the round in which the player accepted the draw, mp is the position of the maximum of a within a and m is the maximum of a. Given that information for each run of draws, one can process all the necessary statistics per round and overall quite quickly (3 different sets of decision numbers with n=10 were processed in less than 90 seconds).
The first test uses n=3, n=5 and n=10, and three strategies: naive, Gilbert and Mosteller and the new optimal strategy.
After testing that the position of the maximum is evenly distributed and that the expected value of the maximum is n/(n+1), the results are tallied per round (pg) and per result, with W determined by v=1, FP by v=0 and fp=1 and FN by v=0 and fp=0. These frequencies are then compared with the equations 16, 11 and 9. In the tallying table, each row corresponds to the same round (same pg); in the last round there's only one value, corresponding to {1,0,n}. The error in the distribution of the maximum across the rounds is around 0.2%, so we present the results with 4 digits only. The predictions match the simulations, and both show how for small n the naive strategy is close enough to the Gilbert and Mosteller results.
To confirm another important results, the simulations allow the comparison between the unconditional maximum of the n-1 draws (excluding the first round), which are equal to (n-1)/n, and the maximum of the n-1 draws left after the game goes to the second round (the C case, meaning no W, FP or FN in the first round), which is higher than (n-1)/n: {0.724, 0.824, 0.907} for n={3,5,10}.
For n=100, the complete predictions by round and outcome were run, together with the 1000000 draws simulation. The charts reflect the predictions, since the simulation results continue to agree with the predictions.
Four sets of decision numbers were used: Naive, Girbert and Mollester, Optimal and Approximate (there was no need to use it below n=100, as the calculations can still be performed in a reasonable time and stored). The predicted overall win probabilities and the win frequency from the simulations can be found in Table 18 . Both the Naive and the GM strategy have a persistent False Positive rate, flat or slowly increasing for more than half of the rounds, and the Win probability falls quickly just before the FP probability starts falling. On both cases the False Negative Rate decays linearly but with an early "target", going to zero before the end of the draws.
In contrast, both the Optimal and the Approximated strategies have a slowly decreasing Win probability, a False Positive rate that starts it decrease at the start and a linearly decreasing False Negative rate with a "target" of n.
The price that the Naive and the GM strategies pay for lowering the decision numbers can be seen in the rapid decay of the probability of continuation of the game (normalized per remaining rounds).
Figure 20: Cumulative win probabilities per round -n=100 Figure 20 shows that the Naive strategy outperforms the others from round 24 to round 86, but at the end the Approximated strategy takes the lead, with the Optimal winning the overall contest on the last 5 rounds.
For larger n the value of the Naive and Approximated strategies increases, due to the ease of generating the decision numbers, and the time to process the probability of winning is about 3 minutes for n=1000. In contrast, it takes 1 minute to evaluate a simulation of 100000 runs and 1000 draws. The convergence implies a value close to 0.525 for the Naive strategy and 0.56 for the Approximated (and the Optimal) strategy, compared with 0.517 for the identical decision numbers case.
Conclusion
A new approach is developed for the full information game where n measurements from an uniform distribution are drawn and a player (knowing n) must decide at each draw whether or not to choose that draw with the goal to maximize the probability of choosing the draw that corresponds to the maximum of the sample. The approach includes an explicit equation for the probability of choosing the maximum at any round (the sum of this formula for all the rounds can be maximized to find the optimal decision numbers) and an approximation for large n that is easier to compute and produces a result very close to the optimal probability.
With this approach the error in the original Gilbert and Mosteller paper is attributed to the false negatives, which should be taken out of the universe of possibilities for the next rounds, therefore increasing the expected maximum at each round when compared with the unconditional expected value for n-r draws.
